. The simultaneous solutions of an involutory system of two linear homogeneous partial differential equations of the second order, with two independent variables, and a similar equation of the third order.
§ 1. The simultaneous solutions of an involutory system of two linear homogeneous partial differential equations of the second order, with two independent variables, and a similar equation of the third order.
Let there be given a system of partial differential equations of the form
(1) + (C, + E')yvv + D',yii + (E't + F') yv + F'vy = 0, so that it is possible to express the third, and indeed all higher derivatives of * Presented to the Society (Chicago), April 6, 1912. 
(3)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use is not identically equal to zero. The theory of the invariants and covariants of system (1), in the case that K does not vanish identically, forms a basis for the projective differential geometry of non-developable surfaces. That theory has been developed by Professor Wilczynski.*
The object of this paper is to give a similar theory for developable surfaces.f The writer takes this opportunity to thank Professor Wilczynski for personally directing this work.
We shall consider a system of form (1) for which K is identically equal to zero. Since not all of the second order determinants of the matrix (2) vanish, all of the third order minors of K cannot be identically equal to zero. Therefore, if, in addition to equations (1), any linear homogeneous partial differential equation of the third order, (5) GyUVu + Hy%m» + Iyuw + Jy ww + A" yuu + B" yuv + C" yvv + D" yu + E" yv + F"y=0, independent of equations (3) be given, it will again be possible to express all the derivatives of y in the form (4). The new system, composed of a system of equations of form (1), for which K vanishes identically, and of equation (5), and for which certain integrability conditions, to be discussed presently, are satisfied, will be called system (.4) . The theory of the invariants and covariants of this system forms a basis for the projective differential geometry of developable surfaces, as will be shown.
Let y be a solution of system (A), analytic in the vicinity of (uo, v0) , so that it may be written Since all derivatives of y can be expressed uniquely in the form (4), the series (6) may be put in the form (7) y = y°y' + yi y" + yl yw + yl» yw + ylv y™ + yl. y(6), where y', y", • • • w(,) are analytic functions of u -Mo, v -v0 ■ The number of linearly independent analytic solutions of (A) is equal to the number of arbitrary constants in the general solution (7). On account of equations (1) I. If the determinants (AB), (BC), (CA) are all different from zero, each of the second derivatives of y may be expressed linearly in terms of any one of them and y, yu, yv; so that every expression of form (4) may be reduced to any one of the following forms (9) aiyuu + ßi yu + yiyv + hy, (10) a2 yuv + ß2yu + yt yv + 52 y,
«3 yw + j33 yu + y3 yv + 53 y • Since K = (CA)2 -(AB) (BC) is identically equal to zero, if one of the three determinants (AB), (BC), (CA) vanishes, at least one of the others must also be equal to zero. We therefore consider the following additional possibilities.
II. If (AB) and (BC) were identically equal to zero, (CA) would also be identically equal to zero, and the above equations (8) would reduce to the first order or disappear.
Both possibilities have been excluded by the assumption that the second order determinants of the matrix (2) are not all equal to zero.
III. If (BC) and (CA) are identically equal to zero, while (AB) is different from zero, every expression of form (4) may be reduced to form (11).
IV. If ( CA ) and ( AB ) are identically equal to zero, while ( BC ) is different from zero, every expression of form (4) may be reduced to form (9) .
It is to be noticed that forms (9) and (11) are identical, except for an interchange of the variables u and v, so that cases III and IV may be regarded as identical except for the notation.
[April Multiplying equations (3), in order, by the minors of the first, second, third and fourth elements in the first column of K, and adding, we find (12) be reduced by means of equations (8) to one of the above forms, (9), (10), or (11), so that (12) takes the form (13) aw + ßyu + yyv+oy= 0, where w stands for yuu, yuv, or yvv. If all four of the coefficients of the new equation are not identically equal to zero, it is possible, by means of this equation, to reduce any expression of the chosen form to one involving not more than three terms. In this case system (A) cannot have more than three linearly independent analytic solutions. If all of the coefficients of equation (13) are identically equal to zero, equations (1) are said to be in involution.
In this case there is a possibility that the four quantities y, yu, yv,w remain arbitrary, so that system (A) has four and only four linearly independent solutions. It must be noticed, however, that some of the derivatives of y may be computed in more than one way; for example
In order, therefore, that the expressions of form (4) for the derivatives may be consistent, certain so-called integrability conditions must be satisfied. They are of the form (13). Let there be n independent conditions in the set, from which all others may be derived,
a* w + 0* y" +-y* y" + fay = 0 (fc = 1, 2, •••, n).
The number of linearly independent quantities, w, yu, yv, y, is reduced by at least one for each non-identically satisfied equation of the set (14). But if equations (14) are all identically satisfied, that is, if at = & = ?* = fa = 0 (fc-1,2, ---.n), all four quantities, w, yu, yv, y, may remain arbitrary, so that system (A) has four linearly independent solutions.
The following theorem may now be stated. Given a system of partial differential equations of form (A), consisting of a system of form (1), for which K is identically equal to zero, and an equation of form (5), not derivable from equations (1), all of whose coefficients are analytic functions, (a) If the determinants ( AB ), ( BC ), (CA) are not all identically equal to zero, (ß) if further the equations (1) are in involution, (y) if finally the integrability conditions are identically satisfied, system (A) has four and only four linearly independent analytic solutions. If any one of the above conditions (a), (ß), (y), is not satisfied, the number of linearly independent solutions of system (A) is less than, or exceeds, four.
To complete the proof of this theorem it suffices to apply well-known existence theorems. § 2. Geometric interpretation.
The integrating developable surface.
If the conditions (a), (ß), (y) are satisfied, system (A) has precisely four linearly independent analytic solutions. Let these be (15) yw -/«(«,•) (fc-1,2,3,4),
Interpret yw as the homogeneous coordinates of a point y in space. As u and v assume all of their values, y describes a surface S, an integral surface of the system. This surface cannot degenerate into a curve. For if S degenerated in that way, the ratios of y(1), y(2), yi3), «(4) would be functions of a single variable t = t (u, v), and ya), w(2), y(3), y(4), themselves would be solutions of some linear partial differential equations of the first order,* and this is contrary to the assumption that the system has four linearly independent solutions.
The surface S is not unique. The most general system of linearly independent analytic solutions of (^4) is
where the determinant of the constant coefficients c,* does not vanish. The most general integral surface of (A) is, therefore, a projective transformation of any particular one.
The integral surface is, moreover, a developable. This follows from the fact that equations (1) are in involution.
Conversely, it can be shown that every developable is an integral surface of an involutory system of form (1). A proof of these statements has been given by Professor Wildzynski.f Therefore, the theory of a system of partial differential equations of form (A), for which the conditions (a), (ß), (y) are all satisfied, is identical with the projective differential geometry of developable surfaces in three-dimensional space.
• Ibid., vol. 8, p. 237. t Loc. cit., [April § 3. First intermediate form.
The surface referrred to its generators.
For present purposes, it will be convenient to take system (A) in the following form (16) yuu = ayvv + byu + cyv + dy,
ywv = a" yvv + b" yu + c" y" + d" y, which will hereafter be called system (B). It was shown in § 1 that system (A) can always be reduced to the form (B), except that if (CA) and (AB) are identically equal to zero, the variables u and v must be interchanged. The theory, therefore, can suffer no essential loss of generality in consequence of this choice of the form (B).
For system (B), the value of K is a -a' , and this is, of course, assumed to be identically equal to zero.
Differentiation of equations (16) and (17), with respect to u and v, gives (19) y"uu -ayuvv *= «i yvv + ßx yu + 71 yv + fa y,
yUuv -a' yuvv = o2 yvv + ß2 y" + 72 y» + fa y,
y"u« -ayvvv = a3 yp" + ß3yu +y3yv + fay, Multiplying equation (20) by a', (21) by -a', (22) by a, and adding, we find (a -a'2) yw" = (a'a2 -a'a3+ aat)yvv+ (a'ß2 -a'ß3 + aßi)yu.
+ ( a' 72 -a' 73 + 074 ) y" + ( a' 52 -a' S3 + afa, ) y.
Since equations (16) and (17) are in involution, all of the coefficients in equation (23) must be identically equal to zero. It will not be necessary to develop the integrability* conditions explicitly at the present moment. It is assumed that they are satisfied identically, so that system (B) has four and only four linearly independent analytic solutions.
If % surface is represented by equations of the form (15), a transformation of the form (24) ü = <b (u,v), v = \¡/ (u,v) , will modify at most the parametric curves on the surface but not the surface itself.
Let the transformation (24) be applied to system (B) . If the resulting system be solved for yuu and yuv, the new coefficients corresponding to a and a' are found to be (2S) -_ tâ~ 2a'fafa + afa ., = fafa, + a4,fa -a'fa fa -a'fa fa. (18), (19), (21), (22) for yvvv are fractions with the common denominator (<pu fa -fa fa)*.
If }j/ be chosen so as to satisfy the equation (27) fa fa1 = a', the numerators of ä and ä' will both vanish. The denominators, 4>l -2a' fa fa + afa1 = (fa -a' fa)2, however, cannot vanish; for, if this expression were equal to zero, it would be necessary to have fa fa1 = a' = fa. fa1, or fa fa -fa fa = 0, contrary to the assumption that d> and \p are independent functions of u and v. If, therefore, the transformation be subjected to the single condition (27), the new equations of the second order will be free from the terms in y". If ö = 5' = 0, the original system has the desired form without transformation. Suppose this to be the case, or imagine that a first transformation of this character has been made. Then the system to be considered has the form (28) y»u = byu + cyv + dy,
y," = a" yvv + b" yu + c" yv + d"y.
This will be called system (C), or the first intermediate form of system (B). Equation (23) shows that the two equations of the second order, which appear in this system, are always in involution. It is not necessary, therefore, from now on, to pay attention to the involutorial conditions. Trans. Am. Math. So«. 1»
The integrability conditions for this new system require that c be equal to zero identically. This is seen at once, by differentiating equation (28) with respect to v, (29) with respect to u, and equating the coefficients of yvv in the resulting expressions for yuuv.
Since c is zero, equation (28) shows that the curves v = const., upon the integral surfaces of system (C), are straight lines. The reduction of a system of form (A) to form (C) is, therefore, equivalent to the determination of the straight line generators of its developable integral surfaces. § 4. Second intermediate form.
The surface referred to its plane sections.
Equations (25) and (26) show that the form of system (C) is not changed by any transformation of the form
where <f> and ^ are arbitrary functions of the arguments indicated. Making this transformation, and solving the resulting equations for yvvv, we find for the new coefficient corresponding to b" in the original system, It is possible, therefore, to make 6" = 0, by solving a differential equation of the third order for the function <f>, viz., (33) 6" + x = 0.
Imagine this to have been done, or that 6" is already equal to zero. Then the system of equations under discussion has the following form, (34) y«« = 6y" + dy, . Equation (36) shows that the curves u = const., upon the integral surfaces of system (D), are plane curves. Conversely, if the curves u -const, are plane curves, the four linearly independent analytic functions, ym, w(2), y(3) ; ^(4) ^ must satisfy an equation of this form. Therefore, the reduction of system (C) to a system of form (D), or the reduction of system (A) to a system which contains an equation of form (36), is equivalent to the determination of a oneparameter family of plane sections of the integral developable surfaces of the original system.
Whenever the generators and a one parameter family of plane sections of a developable are given there may be constructed immediately a system of form (D) satisfied by the developable.
If, however, a general system of form (A) be given, so that the finite equations of its generators and plane sections are unknown, their determination with reference to the known elements requires the integrations involved in reducing the given system of form (A) to the second intermediate form. § 5. The integrability conditions for a system in the second intermediate form.
The canonical form.
It will be necessary to develop explicitly the integrability conditions for system (7>). These are obtained by putting
From equations (34), (35), (36), we find by differentiation,
Equations (37) ensure unique values for all third and fourth order derivatives.
That the expressions for all higher order derivatives will also be unique then follows directly by differentiation. Since these equations must hold for all values of yVv,yu,yv,y, it is necessary to have,
a" (K + 6'2) + 6' c" + d" = (6; + 6'2), + 6' (6, + 6'2),
The first and fourth of these equations give (39) (a" + 6')"= (2c' + 6),.
It is, therefore, possible to find a function p, of u and v, satisfying the following conditions, (40) p" = 2c' + 6, p, = a" + 6'.
Transform system (D) by putting
where X is an arbitrary function of u and v. Since the coordinates are homogeneous, the integral surface of the system will remain unchanged under this transformation. The form of the system, moreover, remains unchanged, and the coefficients of the new equations are found to be 6 = 6-2X.X-1,
The expressions corresponding to p" and p, for the new equations are (43) pu = 2c' + 6 = 2c' + 6 -4X..X-1, p, = a" + V = a" + 6' -4X, X"1, License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use so that they may be made to vanish by putting (44) y = \y, \ = e>"\ Let this restriction be placed upon the transformation (41) which has just been applied to system (D). Then the new coefficients, which will be denoted by German letters, are found, by specializing equations (42), to be
-e'3-Ze'e'" where 4e' = a" + fc', 4c = 2c'+ 6, and, of course,
The new system, which will be called (E), has the canonical form Any system of form (.¡4) can be reduced to such a canonical form. The integrability conditions for system (E) may be found from equations (38).
They are as follows: is given by equations (42). Those functions of the coefficients of (D), of y, and of the derivatives of these quantities, which are left unchanged by every such transformation, will be called seminvariants or semi-covariants, according as they do not, or do, contain y and its derivatives. It is easily verified that each of the coefficients (45) of the canonical form (E) is a seminvariant, also that the derivatives of these eight quantities are seminvariants. Every seminvariant of (D) (44), and it therefore reduces to a function of the coefficients of (E).
Since all of the derivatives of y may be expressed in terms of the four quantities y,yu,yv,yvv, it is necessary to find only such semi-covariants as involve these four quantities.
The transformation giveŝ^y , Vu = X-1 (y" -XuX-1y),
(55) y, = X-1 (yv. -X, X-1 ) y, y"" = X-1 [ y" -2X, X-1 y, + (2X2X-2-X"X~1)y], while equations (43) give (56) I = e -Xu X-1, i' « e' -X, X-1; whence may be found the following relative semi-covariants (57) y, q = yu -ey, r = y" -e' y, 8 = yv, -2e' yv + (e'2 -e'w) y = r, -e't, which satisfy the equations y = \-*y, q = \-iq, r = X"1 r, ê = X~1ê. § 7. Invariants and covariants.
Equation (32) shows that form (D) is left unchanged by any transformation of the form ü = (j> (u,v) , v = \f/(v), where \p is an arbitrary function of v, and <j> is any function of u and v, which satisfies the differential equation (33) . In particular, it will be convenient to make the transformation
where <p and t£ are arbitrary functions of the single arguments indicated. It will therefore be assumed that a definite family of plane sections of the integral surface has been chosen, and that this family is to be preserved in the transformation. The coefficients of the new equations, obtained by applying the trans- (58) upon these quantities must, therefore, be investigated.
Equations (45) and (59) give
and also,
A sum will be said to be isobaric if, in this transformation, each of its terms is multiplied by the same product of the form fa or ip*. Every invariant must be isobaric. The seminvariants (45) of system (D) satisfy the integrability conditions of system (E). Equations (50) and (52) together with (62) and (63) show that it is possible to express the six seminvariants b, 6', c', b', c", b", and their derivatives in terms of the four invariants 33', 6', 3)', G", and their derivatives. Equations (49), (51), (53), (54) show, moreover, that these four invariants and their derivatives are not independent. In fact, the first three equations give respectively 8 Ci + 43)' + 433; -5^1og 3V = 0, 2^-log 33' = 46' + |-log (3©: -SSL -633'), 36; -33; -633' * 0, The condition that the expression 3©; -33; -633' shall not vanish, requires, as will be seen, only that the integral surface be not a cone.
Let it be assumed that 6" is different from zero, and put 33'2 © = -so that ©= «¿r2©.
Let it also be assumed that 33' and ©' are different from zero, and introduce two symbols of operation v 0,'du' v 33'ÓV It is clear that ff(8'), F(6'), ¿7(6"), F(©), are invariants. In fact, they satisfy the following equations, Ü(ñ') = ízlU (<£'), V(€') = <bz'V(<i'), L> (©") = fr'<7(6"),
From any two invariants X and u for which X = <pZl X, p. -4>Zn a, it is always possible to form a new invariant (/u,X") = rn/iX« -lKuu, their Wronskian with respect to u, which satisfies the equation
By repeating and combining the Wronskian process and the operations U and V, an infinite number of invariants can be deduced from S3', ©', ©", and 6. It can now be shown that all invariants are functions of those ob-tained in this way. It has been seen that the seminvariants (45) and their derivatives may be expressed in terms of 33', €', 6", and 35'. It has also been seen that all invariants are functions of the seminvariants (45) and their derivatives. Therefore any invariant may be expressed as a function of 33', 6', 6", <S, and derivatives.
Let the invariants be divided into two classes, of fa &Qd ^-invariants, according as their transforms are multiplied by powers of fa or fa respectively. By a process of induction precisely parallel to that employed by Professor Wilczynski, for a similar system of invariants,* it can be shown that there are n2 + 2n + 2 independent (except for equations (54) and (64)) ^-invariants of orders equal to or less than n, and the same number of ^-invariants of the orders named; moreover, that the invariants may be chosen so as to contain all the derivatives of 33', 6', <£", 6, up to, and including, those of order n; and, finally, that the two classes of ^-invariants and ^-invariants are independent of each other. If equations (54) and (64) are taken into account, the number of invariants of orders equal to or less than n must be reduced by i ( 3ft* + 3« -4 ). The Wronskian, the TJ-process, and the V-process suffice, therefore, to deduce all invariants from the four fundamental ones 33', 6', 6", 6. The number of independent invariants of order equal to or less than « is | (re2 + 5ra + 12), for n > 2. For « = 1 there are eight independent invariants.
Applying the transformation (58) to the semi-covariants (57), we find (65) y = y, q -flr1 (<t + JW), « = fc"1 (t + ifr). ô = ^r,[8 + èïr + l(r2 + 3f.)y];
whence we obtain the following relative covariants, The completely integrable system, composed of equations (69) and (71), which may be called the adjoint system of (D), represents the same integral surface as system (D), but in plane-instead of point-coordinates.
The planes whose coordinates are X(1), X(2), X(3), X(4) are the tangent planes of the surface, which, in general, change with v. As m changes, each plane remains fixed. Equation (71) may be thought of as the differential equation, in plane coordinates, of the edge of regression, C, of the integral developable surface S of system (D). As v changes, the plane X envelops the curve C. As m changes, the plane remains fixed, corresponding to the fact that at all points of one and the same generator the developable has the same tangent plane.
If L is identically zero, |y, y", y" |, |y,, y", y", |, \y, y,, y" | may be eliminated from the first three of the equations (70), so as to obtain an equation of the third order for the coordinates of the plane X, X"" + X" ( -8e' -6' ) + X, ( 86' c' + 16e'2 -4c; -26; -c" ) (72) + X ( 4e' c" + 8e' 6', + 4¿ 6' -166' e'2 -b'cv -c',' + d" ) = 0.
In this case, equations (69) and (72) show that the developable degenerates into a cone, since the coordinates of its tangent planes must satisfy a linear homogeneous relation with constant coefficients. In fact, equation (72) shows that X(1), X(2), X(3), X(4) satisfy a relation of the form <bi (u) X(1> + 02 (u) X(2> + <b3 (u) X<3> + <bi (u) X(4> = 0.
But according to (69), the ratios of X(1). X(2), X(3), X(4) are independent of u, so that such a relation would reduce to one with constant coefficients. Consequently all of the tangent planes of the developable have a point in common, that is, the cuspidal edge of the developable degenerates into a w. w. dentón: PROJECTIVE DIFFERENTIAL GEOMETRY [April point, and the developable is necessarily a cone. Therefore if the invariant L vanishes identically the integral surface of system (D) is a cone. If the original system is in the canonical form, so that e' = 0, the adjoint system has the comparatively simple form X" + C'X = 0,
The transformation of Laplace. The cuspidal edge of the integral developable.
Consider any surfaces So, not necessarily developable. We shall assume that its homogeneous point-coordinates, y(1), y(2), yw, yw, are functions of two parameters, u and v, chosen so that the two families of curves, u = const, and v = const., on it, form a conjugate system. Darboux has shown* that this condition is fulfilled if, and only if, the four functions yw satisfy an equation of the form (74) y" = A (u,v)ya + B (u,v) yv + C (u,v)y.
The tangents to the family of curves u = const., at the points y, form a congruence Ti. One sheet of the focal surface of this congruence is the given surface So. The other sheet is the surface Si whose coordinates yf are given by the Laplace transform of y with respect to v, yi = yv -Ay.
Indeed, it is easily verified that yi satisfies an equation of the form (yi)u -By = Dy, which shows that any line tangent to So at y, along a curve u = const, on So, is also tangent to Si at yi, along a curve v = const, on Si.
Similarly the tangents to the family of curves v = const., on the given surface S0, form a congruence T_i such that the coordinates of the second sheet S-i of its focal surface are given by the Laplace transform of y with respect to u, y-\ = yu~ By.
The Laplace transformation may be repeated indefinitely, so that, in general, there is obtained an unlimited sequence of surfaces, S* (k = • • • -3, -2, -1, 0, 1, 2, 3, •••), on each of which the curves u = const, and v = const, are conjugate families; while to each surface S* corresponds a * Darboux, Leçons sur la théorie générale des surfaces, vol. I, p. 122. pair of congruences r*+i, r»_j, formed by the tangents to the curves u=const., v = const., respectively.
The case in which one or more of the surfaces Sk are developables is of importance for our theory.
We have seen that the differential equations of any developable surface may be written in the form (B). The two families of curves, u = const., v = const, are still perfectly arbitrary. They form a conjugate system if, and only if, a' vanishes identically. But when a' equals zero, system (B) reduces to its first intermediate form (C), and one of the conjugate families necessarily consists of the generators. The form of system (G) shows that this is the family v = const. The other family is left entirely arbitrary. In this case the relation of conjugacy between the two families of curves becomes degenerate.
We now see that the covariant
of system (C) is the Laplace transform of y with respect to u. If four linearly independent solutions y(t) (¿=1,2,3,4), of system (C) be put for y into this expression, and also into D,, there will be found two points. The second equation of system (C) gives the following relation between these points, (75) D, = 6'yu + y(d'-C;).
If u is constant, while v varies continuously, D describes, in general, a space curve u = const. D, is a point on the tangent to this curve at the point D. Equation (75) shows that D, is also a point of the generator (of the surface So ) containing the points y, yu, Q.. 7"Ac point D. is, therefore, that point of the generator of the developable So in which it intersects the cuspidal edge. The ratios of D(1), D(2), D<3), D(4) must, accordingly, be independent of u.
The differential equation which characterizes the cuspidal edge of the integral developable So of system (G), considered as the locus of the point D may be found as follows. Multiplying equation (666) by 6' and subtracting from equation (75) (76) shows that the ratios of D(i) are independent not only of u, but also of v, that is, they are constants; and the cuspidal edge is a point, as should be expected, since the integral surface is a cone.
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If L is not identically zero, differentiation of equation (76) The projective properties of the cuspidal edge of the integral surface So of system (C) may be studied directly from this equation. The projective theory of space curves, considered from this point of view, has already been developed by Professor Wilczynski.* We shall try, therefore, merely to find the relations between the invariants and covariants of this differential equation and the invariants and covariants of system (C).
For this purpose, we shall assume that system (C) has been reduced to its canonical form (E). Its coefficients, then, are seminvariants, which remain unchanged under any transformation of the form X (u, v)y = y.
Therefore the equation corresponding to (78) may be obtained by substituting the expression (76) for y into equation (48) If the invariant M vanishes identically, equation (81) shows that the surface S-i degenerates into a curve.
If M is not identically equal to zero, the desired equations may be found by eliminating y, yu, y,, y" from equations (66c), (81), and others derived from them by differentiation.
We thus obtain a system of form (1 Therefore, if a one-parameter family of curves, C, be drawn upon a developable, the tangents to these curves form, of course, a congruence. The second sheet of the focal surface of this congruence will degenerate into a curve if, and only if, M is equal to zero. If it does not degenerate, il will itself be a developable if, and only if, the curves C are plane curves. § 10. Canonical developments of the non-homogeneous coordinates of a developable surface.
The semi-covariants of system (E) were found to be y,° = * = yv, = yv If four linearly independent solutions, ym, y(2), yi3), yw, be substituted for y in these expressions, three points, a, x, 8, semi-covariantly related to the point y, will be found. These points, together with y, form a non-degenerate tetrahedron, except for certain singular points. This tetrahedron will be used as a tetrahedron of reference, and, more specifically, the coordinate» of any point with respect to it will be defined in the following way. If we substitute into any expression of the form X = a8 + j8q + 7t+ Sy, for y the four linearly independent solutions, yw, y(2), yw, y(4), we find four functions, X(1), X(2), X<$), X<4), the homogeneous coordinates of a point X. The coordinates of the point X referred to the tetrahedron of reference, y, a, r, i, are then defined by the equations where the subscript «,-v¡ indicates i + j differentiations, i with respect to u and j with respect to v. The explicit expressions for the coefficients Aij, B*', • • •, will be omitted for i + ji> 3, since they are rather long, and since their calculation is of little interest and offers no difficulty.
We shall assume that the point y of the surface corresponds to the value (0, 0) of u and v, an assumption which involves no loss of generality. If the surface is analytic in the vicinity of this point, for values of u and v sufficiently small, the general solution of system (E) may be expanded into a power series Every term in the right member of equation (85) is divisible by ¡?, that is, the plane f = 0 is tangent to the surface at all points of the generator £= f=0. The most general transformation of coordinates which leaves this plane and this generating line unchanged is a'x + c'z a"a;+6"y+c"z * l + az + 6y + cz' V ~ Ml + ax+ by + cz'
s l + az+6y + cz'
where X, u, v, a, b, • • • c", are arbitrary constants, which may be chosen in such a way as to simplify the development into series.* If, instead of y, the linear combination a" x + 6" y is taken, as Darboux has suggested, the transformation (88) may be replaced by the following three. (92), and equating the terms of the same degree, we find U3= -uix2+2hx3 + fa, Ui= -Uo x* + u\ x2 -hui x3 + 2hxll3 -2ui fa + x2 Afa + #4 •
The two constants involved in «i, may be chosen so as to make U3 vanish identically. To accomplish this, it is necessary and sufficient that they satisfy the equations 2Ä-^ + ros = 0, -5+fa = 0.
If these conditions are satisfied the terms of the fourth order become Ui = ( -Mo -A2 + f 04 + Ut03 + H12 )** + ( fa -2f12 r03 )xS «.
Let us suppose that U3 has been reduced to zero in the way indicated, so that for the new development fa = fa = 0, fa = fa.
In order that U3 may remain zero for any subsequent transformation of form (89), it is only necessary to have 2hx -«i = 0, that is, A = 2Ä, 5 = 0.
Upon making such a transformation, the new Ut becomes Ui = -«o z4 + <l>'i = ( fa -uo) xA + (fa -2f12 fos) Xs y.
By putting uo = fa it is, therefore, possible to reduce the development to the form z = x2 + Aw x3 y + fa (x, y) + fa (x, y) + where Ais = f 13 -2f 12 f os = \L, L being the invariant found in § 8.
The development may be further simplified by making another transformation of the form (89), viz.,
where we have taken «0 = 0, B = 0, A = 2h, so as not to disturb the form of development already established. The new development becomes , (x'-r-hz1)2 (x'+hz')3(y'+kz') fa(x' + hz' ,y'+ kz') 2 1 + 2Â*' +Al3 (1 + 2Ä*')2 + (l + 2hx')* "1 = ( x' + hz' )2 ( 1 -2hx' + 4Ä2 x'2 -8h3 x'3 + 16Ä4 x1* ) + A13 (x'z + 3Az'22' + 3Ä2x' z'2) (y' + kz1) ( 1 + 12Ä2x'* -4hx') + fa(x', y')(l-8hx') + z'Afa + fa+
where Ut -x'6 (kàu -2*») + ÄA18 a;'4y' + fc (x', y') = x'* (Mu -2A» + z,,) + a;'4y' (*AU + «Í«).
The coefficient of ¡r/5 may be made equal to zero by putting Mis-2A3 + z05 = 0.
The term in x'* y' also may be reduced to zero, by choice of Ä, provided Aw does not vanish identically,that is, whenever the surface is not a cone.
Suppose that the surface is not a cone, and let the terms of the fifth order be removed, as indicated. 175 will remain zero under subsequent transformations of the form considered, only provided h = k = 0, that is, only if the transformation is the identical transfomation. The terms of the sixth order become Ut = z,, Xa + zu x'6 y' + |AÏ, x'* y'2; and, by putting, y" = Alsy', the series reduces to the form z' = x'2 + x'* y" + z,, x* + »'" x* y" + £z'4 y"2 + -• •.
It will now be convenient to introduce the linear transformation given by equations (90). But, in order to preserve the form of the development just found, it will be necessary to employ a combination of the transformations (89) where k is unity or zero, according as Aoe does not, or does, vanish. In fact, to accomplish this, it is only necessary to put v = X2 = X3 u, and, if Aoe #= 0, X = VAos . If AM = 0, X may be left arbitrary here, and determined subsequently so as to simplify the terms of orders higher than the sixth.
In obtaining the terms of the fifth and sixth orders in this development, we have assumed that the invariant Ai3 does not vanish, that is, that the surface is not a cone. If the surface is a cone, Ai3 is necessarily zero, and these terms cannot be reduced as in the case just treated.
In fact, it can be shown that, in general, the term in X6 must remain.
The results may be summarized as follows: For every regular point of a developable surface, a tetrahedron of reference may be so chosen that, in the vicinity of this point, the equation of the surface may be expanded in the form z = x2 + ki3 x3 y + ( 1 -ki3 ) ht ( 1 -¿oe ) x* + ( 1 -Ä;08 ) ¿oe Xs Let a developable surface S, not a cone, be referred to the canonical tetrahedron (defined by equation (96) The only singular points of the surface Q, therefore, lie on the line s» = x« = 0, and every point of this line t is a triple point on the surface. Thus the surface is a scroll. The tangent planes to the surface Q along the triple line t are given by the equation (100) yixl-y,xl = 0.
The three tangent planes coincide for yi = 0, or yt -0, so that q' = (1, 0, 0, 0) and Q = (0, 1, 0, 0) may be called triple pinch points on the quartic scroll Q .* In order to complete the determination of the canonical tetrahedron, we must find out how the scroll Q is determined by the properties of the surface S. It is easily seen that the most general quartic scroll which has the line x3 = Xi = 0 for a triple line and a pair of triple pinch points on that line, is given by the equation where /, g, h, p, are the functions of p and I given above. Consider a surface Q of this family. Every plane which contains the point y will intersect the surfaces Q and S in plane curves which have contact of at least the fifth order with each other at y. Among these planes there are some which intersect Q and S in a pair of curves having contact of at least the sixth order with each other at y. These planes may be found by substituting the development (94a) for S into equation (103) for the scroll Q, and equating to zero the terms of the sixth order which do not vanish identically. We obtain in this way a sextic homogeneous equation in x and y, which may be reduced to x* (áSx2 + 4Äry + 27^) = 0, 
x*3 ( 4Sxf. + 4i&3 x2 + 27x1 ) = 0.
This equation determines six tangents of the surface, that is, the generator g counted four times, and two lines ti, t2, which we shall call the tangents of sixth order contact between Q and S, because every plane passing through such a line intersects Q and S in a pair of curves having contact of at least the sixth order with each other at y.
The tangent plane r, or xj = 0, to the surface S at the point y, intersects the quartic Q in a quartic curve consisting of the generator g counted twice and a conic K, whose equation is gx\ + fx3 Xi -x\ -x3 x2 = 0.
The polar of the point y with respect to the conic K is 2a;4 + px3 = 0.
This line intersects K in two points KX,K2, whose coordinates are respectively, Xi -x3 = 0, Xi = 4x2 -Rx3 = 0.
The tangent t to K at the point K2 has for its eauation 4x2 -Rx3 = 0, while the tangent of K at Ki coincides with g. Consider the four lines g, t, h, t2. They all lie in the plane t and pass through the point y. The lines <i and t2 will be harmonic conjugates with respect to g and t if, and only if, R = 0. But, when R = 0, I = -\\p*, so that there remains a single infinity of quartic scrolls Qh whose tangents of sixth order contact with S divide g and t harmonically. For every surface of this family the line coincides with the edge Xi = x2 = 0 of the canonical tetrahedron.
Consider one of the scrolls Q* of this family. The plane X2 + ux\ = 0, determined by the pinch point q' and the line t, intersects Qh in a quartic curve d whose equations are The necessary and sufficient condition that the left member of the latter equation can be factored into the form (a + bZ+cX)(d+eX) (jX2 + kXZ + mX + nZ + q), or that the curve ^degenerates into a p'air of lines and a conic, is that g = 0.
But when g = 0,p = u = h = f=0, and equation (103) becomes identical with that of the canonical quartic scroll (98).
The canonical quartic scroll Q of a point y is, therefore, completely characterized by the following properties.
1. It has a triple line with two triple pinch points, D, C|', the first of which lies at the intersection of the cuspidal edge of the given surface S with the generator g passing through the point y.
2. It has the contact of the fifth order with S at y.
3. The tangent plane r to S at y intersects Q in the generator counted twice and a conic K tangent to g. The two tangents h, ¿2, (distinct from g) of sixth order contact between Q and S at y, divide the two tangents g and t, drawn to Kfrom y, harmonically.
4. A plane through t and q' cuts Q in a curve Ci which degenerates into a pair of lines and a conic.
For the canonical quartic scroll, given by equation (98), the point K2 coincides with the point 3'. Thus all of the vertices, y,q',t',&',oî the canonical tetrahedron have now been determined geometrically.
In order to complete the geometrical determination of the system of coordinates which leads to the canonical development, it remains to find the unit point of the system. This may be done as follows.
Consider the two planes determined by the pinch point q' and the two lines ti,t2, whose equations are, by (104), 4^+ 9x| = 0.
By considering a special case, say that in which b' = 0, it can easily be shown that Aos, and hence k, is, in general, different from zero. We shall treat only that case for which AM 4= 0. We may then assume k = 1, so that the equations of the two planes are separately 2x, 4-3ix2 = 0, 2xs -3ÍX2 = 0.
They intersect the surface Q in two quartic curves C", C", whose equations are respectively.
Xi x3 + \ix\ -x\ xl = 0, xix\-\ix\ -x\ x\ = 0.
The Hessians H', H", of C and C", are respectively xi (4¿rj -xl) = 0, xi (4¿c! + xl) = 0.
Twenty-two of the twenty-four intersections of the curves C" and (7" coincide with the pinch point q'. The other two intersections are the points of inflection A(-&<**, W, 1, 2«); 5(tV, V» 1» -2<o), where « is a fourth root of -1, viz., §1^2 + i\V2. The curves C" and H" intersect in q' counted twenty-two times, and '*n the points of inflection C(-&w, -fco2, 1, 2cos), D(fa, -fco2, 1, -2co3).
The four points A, B, C, D, determine a non-degenerate tetrahedron. If the four fourth roots of -1 are interchanged, these points are permuted according to the four group 1, AB CD, BC-DA, AC-BD.
These results may be stated as follows. The vertices of the canonical tetrahedron are the given point y, the two triple pinch points q', D of the canonical quartic scroll Q, and the point of tangency &', of a tangent from y to the conic K, which the tangent plane at y to the surface S cuts out of Q. The system of coordinates which gives rise to the canonical development refers to this tetrahedron. If the. invariant Am does not vanish identically, the unit point is to be taken in such a way that the points of inflection, A, B, C, D, described above, have the coordinates indicated. Since these points may be permuted in four different ways, without altering the system of coordinates, the canonical development may be made in four different ways. For this reason its expression contains the fourth root of a rational invariant.
When Am = 0, k = 0; and the lines h, t2 coincide with t. In this case it would be necessary to consider terms of higher order than the sixth in order to determine the unit point of the canonical system of coordinates.
